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1. Introduction

In this paper we study two-real dimensional minimal surfaces in Euclidean
space which are stable, that is, which minimize area on each compact set up to
second order. The earliest result for such surfaces is due to S. Bernstein [4],
who proved that all complete minimal graphs in R? (these are automatically
stable) are planes. This Bernstein result was generalized by R. Osserman in [21]
and [22] where he showed that any complete minimal surface in R® whose
Gauss map omits an open set (or even just a set of positive logarithmic
capacity) from the sphere must be a plane. In these theorems Osserman makes
no assumption about the stability of the minimal surface. The theorem of
Osserman was later extended, partially by S. S. Chern [8] and to its full
generality by Osserman [23], to minimal surfaces in R", for any »n, again
without any assumption on stability. F. Xavier [30] has recently strengthened
the theorem of Osserman for minimal surfaces in R* in a remarkable way: he
has proved that if the Gauss map of a complete minimal surface in R® omits 7
or more points from the sphere, then it must be a plane. The relationship of the
stable regions on a minimal surface M to the area of their Gaussian image has
been studied by J. L. Barbosa and M. doCarmo in [3]. The methods of R.
Schoen, L. Simon and S. T. Yau [25] yield a proof of the Bernstein result for
stable minimal surfaces M in R® provided the area growth of a ball of geodesic
radius 7 in M is not larger than 7%, (This condition is automatically satisfied by
all minimal graphs in R®.) A classification theorem for complete stable minimal
surfaces in three dimensional manifolds of nonnegative scalar curvature has
been obtained by D. Fischer-Colbrie and R. Schoen in [12]. A corollary of
their theorem states that all complete oriented stable minimal surfaces in R®
are planes, thereby giving another direct generalization of the Bernstein
theorem. This corollary was also proved by M. doCarmo and C. K. Peng [6].
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All the results mentioned so far, with the exception of the ones due to Chern
[8] and Osserman [23), deal with hypersurfaces. For higher codimensions, the
following result due to W. Wirtinger [29] is well known: a holomorphic curve
in C" (= R?*") is absolutely area minimizing with respect to arbitrary com-
pactly supported deformations. Actually, the result as stated is a very special
case of a much more general theorem due to H. Federer [11]. A characteriza-
tion of the Gauss map for holomorphic curves in C” has been obtained by H.
Blaine Lawson, Jr. [18], pp. 164-166.

In view of the Wirtinger result, it is reasonable to ask whether an area
minimizing surface in R” lies in an even dimensional affine subspace of R” and
is holomorphic with respect to some orthogonal complex structure on this even
dimensional affine subspace. The result mentioned above, due to D. Fischer-
Colbrie and R. Schoen and also due to M. doCarmo and C. K. Peng, shows
that this is the case when » = 3. F. Morgan [20] has shown that the nonzero
sum of oriented two-planes in R” is area minimizing only if all the planes are
complex under some complex structure on the span of the planes. In this paper
we obtain a partial affirmative answer to the above question for n = 4. The
best results are for n = 4 when, in particular, we prove (Theorem I in §5) that
any complete oriented parabolic stable minimal surface in R* is holomorphic
with respect to some orthogonal complex structure on R*. There are plenty of
examples of complete parabolic minimal surfaces in Euclidean space: entire
two-dimensional minimal graphs (entire means that the graph is defined over
all of R?), complete minimal surfaces of finite total curvature and also minimal
surfaces of quadratic area growth. It is interesting to note that R. Osserman
[24, pp. 40-42] has constructed examples of entire minimal graphs in R* which
are not holomorphic with respect to any orthogonal complex structure on R*;
these minimal graphs are therefore unstable by our theorem.

Let us now recall that the Grassmannian of oriented two-planes in R* is
homeomorphic to S? X S2. Theorem Il concerns stable isometric minimal
immersions of an oriented surface with a complete metric into R* for which
one of the projections of the Gauss map onto the factors of $2 X $? omits an
open set; the theorem states that such immersions are holomorphic with
respect to an orthogonal complex structure on R*. There are many examples of
nonholomorphic, complete minimal surfaces in R* whose Gauss map satisfies
the condition required in Theorem II. These must therefore be unstable. In the
case that the surface is simply connected, the condition on the Gauss map in
Theorem II may be relaxed to one of the projections onto the factors of
S? X S? omitting a set of positive logarithmic capacity.

Following Osserman [24, p. 122] we say that an isometric immersion F:
M? - R" of an oriented surface M has a degenerate Gauss map if the Gauss
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image lies in a hyperplane of CP"~ . Thus, the Gauss map of F is degenerate if
there exists a fixed, nonzero vector A € C” such that 4 - F, = 0, where z is a
local complex coordinate on M and v - w = Z, oW, for v = (v,---,0,), W=
(wy,- - -,w,) € C". We also say that the Gauss map of F is 6-degenerate, where
8=|A4-A)/|A} €]0,1]. Theorem III states that a complete oriented stable
minimal surface in R* whose Gauss image is at least 1/3 degenerate is a plane.
It is worth pointing out that surfaces in R* which lie in a 3-dimensional affine
subspace are 1-degenerate. Therefore, Theorem III is a generalization of the
theorem that all complete oriented stable minimal surfaces in R® are planes. At
the other extreme, holomorphic curves in C* (= R*) are 0-degenerate.

Theorem IV provides an affirmative answer to the question addressed in this
paper when the surface is oriented, complete, of finite total curvature and
genus zero and the ambient Euclidean space is of any dimension.

A first step in proving all these theorems is a theorem (Theorem A in §3) on
a characterization of holomorphic immersions F: M? —» C” in terms of a
parallel orthogonal splitting of the complexified normal bundle of M into (1,0)
and (0, 1) subbundles. A complex version of the stability inequality (§2) is used
to establish the parallel orthogonal splitting required in Theorem A. This
complex version of the stability inequality was inspired by a manipulation of
Ju. A. Aminov [2]. A similar technique was used by Siu and Yau in [26]. This
inequality also suggests that one should look for holomorphic sections of the
complexified normal bundle of M of appropriate growth. In §4 we use the
Gauss map to produce such sections which are used in the proof of Theorem
II. In the case of finite total curvature and genus zero (Theorem IV), the
Riemann Roch theorem provides the required sections. The proof of Theorem
I is somewhat different. The complexified normal bundle of a codimension two
oriented submanifold of an oriented Riemannian manifold always splits as the
sum of two complex line bundles. In the proof of Theorem I, we utilize the
projection of a constant vector field in C* onto one of these line bundles.
When the minimal surface is degenerate (as in Theorem III), each of the
projections of 4 (where 4 - F, =0) onto these line bundles is a (bounded)
holomorphic section.

A few words about notation. Covariant differentiation by means of the usual
Levi-Civita (Riemannian, flat) connection on the Euclidean space R* corre-
sponds to the usual directional derivative and so, when it acts on vector-valued
functions, we will denote it by d. Moreover, we use 9, (9;) instead of d, (d;)
when we differentiate vector-valued functions in the direction 3/3z (9,/42)
along an oriented surface immersed in R”, where z is a local complex
coordinate on the surface. Finally, all manifolds are assumed to be C* and
connected.
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The paper is organized as follows:

§2 contains the complex version of the stability inequality. In §3 we describe
a characterization of holomorphic immersions F: M2 — C" (Theorem A) and
its relation to the stability inequality. In §4 we construct meromorphic sections
of the complexified normal bundle of a minimal surface in R* by means of the
Gauss map. §5 contains the main theorems in this paper.

The results in this paper are based on the author’s doctoral dissertation
under the direction of Professor Richard M. Schoen. It is a pleasure to express
my gratitude to him for his inspiring guidance, patience and encouragement
and also for his contribution to some parts of the proof of Theorem IV (the
higher dimensional case).

2. A complex version of the stability inequality

The condition that a minimal submanifold M of the Euclidean space R” be
stable is expressed by the following inequality (see, for example, [18]) that has
to hold for all compactly supported normal sections s (a normal section is a
section of the normal bundle NM of M):

2.1) [ @) < [(@).

In (2.1), ds = (dsy,- - -,ds,), where s = (s,,- - -,5,), the superscripts 7 and N
denote orthogonal projection onto the tangent space and normal space of M
respectively, | ds| is the length of the vector-valued one-form ds with respect to
the induced metric on M (similarly for |(ds)7| and |(ds)¥ ) and the integra-
tions are carried out with respect to the volume element for the induced metric
on M. Inequality (2.1) is still valid for compactly supported sections of
NeM = NM @ C, the complexified normal bundle of M; all we have to do is
simply add up the stability inequalities for the real and imaginary parts of s.
From now on we assume M to be a two-real dimensional oriented surface.
Then, isothermal parameters for the induced metric together with the orien-
tation on the surface give rise to a complex structure on M. Let z denote a
complex coordinate for this complex structure. We can then write ds = ds + s
where 95 = (0,5)dz and 0s = (9;5) dz. Thus (2.1) may be rewritten in the
following way:

sz|(ds)T[2 <fM|ds|2 :jM|as|2 +fM|5s12.



STABLE MINIMAL SURFACES IN EUCLIDEAN SPACE 61

Integration by parts yields f,,|ds? = f;;|0s because R” is flat and s has
compact support. Therefore

2f |(@)] +2f [35)] <2 Josf’,

that is
2.2) fM|(as)T|2 <fM|(5s)zv|2.

Similarly,

(2.3) /M|(5S)T|2 < fM|(as)”|2.

It is perhaps worth noting that (2.1), (2.2) and (2.3) are all equivalent to one
another.

As was mentioned in the introduction, the above manipulation was inspired
by a manipulation due to Ju. A. Aminov in [2]. He adds the stability
inequalities for two orthogonal normal variations of equal length, mixes terms
and integrates by parts to obtain an inequality which can be derived from
(2.2). Our manipulation is more general in that the real and imaginary parts of
s are required to be neither orthogonal nor of equal length.

The usefulness of inequalities (2.2) and (2.3) will become apparent in the
next section.

3. A characterization of holomorphic immersions F: M2™ — C"
and its relation to stability

Let N?" be a Kihler manifold (of real dimension 27). We denote the
complex structure and Levi-Civita (Riemannian) connection on TN by J and
v respectively. By extending J to T-N = TN ®¢ C, the complexified tangent
bundle of N, we have ToN = TN @ T N°!, where To N and T N°! are
the eigenspaces of J corresponding to the eigenvalues +i and —i respectively.
Since N is Kabhler, this splitting of TN into (1,0) and (0, 1) subbundles is
preserved by v. Moreover s - ¢ = 0 for all sections s, ¢ of TN, where s - ¢ is
the inner product of s and ¢ taken with respect to the Riemannian (indeed,
Hermitian) metric on 7N extended complex linearly in both arguments to T N.
In other words ToN'? is orthogonal to T N%' with respect to the inner
product (-, -) which is defined by (s,¢)=s-¢, where ¢ is the complex
conjugate of . (Here we are using the fact that T.N%! =T N'0)
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If F: M*™ - N?" is a holomorphic immersion of a complex manifold M 2™
(of real dimension 2m) into N, then it is easy to verify from the above
comments that M>™ itself becomes a Kahler manifold when equipped with the
induced metric and that: ‘

DT M=TMOPOT M, No.M = N.M" O dN M.

i) TcM'0 @ N M"Y is orthogonal to TM'P® N-M'® with respect to
().
(iii) v: T(TcM™ & NoM'™0) - T(T MY & NeM'0) ® T*M).
In the above, we are still denoting by v the induced connection on F*(TN).
The converse of the above observation is not true in general. However, we do
have the following

Theorem A. Let F: M*™ — R*" be an immersion, with R*" having the usual
Euclidean metric. Suppose that there exist vector bundles E and V over M which
satisfy conditions (i), (ii) and (iii) below:

OTM=E®E,NM=VOV.

(i) E ® V is orthogonal to E © V with respect to (-, - ).

(i) d: INEDV)>T(EDV)® T*M).

Then there exist complex structures J and J on M*™ and R*" respectively such
that J is orthogonal with respect to the metric induced on M by the immersion, J
is orthogonal with respect to the Euclidean inner product on R*" and F is
holomorphic with respect to JandJ.

Remark. J is actually constant on all of R?”, thereby giving R*" the usual
Kihler structure of C”. Since F is holomorphic, J and the induced metric also
yield a Kihler structure on M.

Proof of Theorem A. Let {e,---,e,} and {e, ., -,e,} be local frame
fields for E and V respectively which are orthonormal with respect to (-, - ).
By assumption (iii),

() de, = 2w ® €p

B
for some n X n matrix of one-forms (w,yz), 4, B € {1,---,n}. We define a
2n X 2n complex matrix C by ‘C = (e, --,e,, €, - -,&,), where the super-

script ¢ denotes transpose so that C is the matrix whose rows are the 2n-tuples
of complex numbers with which the e, and ¢, are being identified by means of
the canonical coordinate functions on R?*". From () we have dC = » ® C,
where

[l 2 )

L0 (@)
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Let

0 +i
where i and —i each appear n-times along the diagonal. Define J by J = C~'J,C.
Then J? = C7(J,)*C = -1,,, the negative of the identity matrix on C2".
Moreover J is a matrix with real entries: by assumption (ii),

ce=[0 b
S\, 0 )
where 1, is the identity matrix on C” and C~! =C. Therefore,

J—J =CJLC +'CIC = *C(JLC'C + C'CJ)C = 0.
Finally,

d] = —=CdCCYYC+ CdC = —C W wJy — Jow)C = 0.
Therefore J is constant along F(M). Thus, we can define a complex structure
on R*” by declaring it to be J at any point; this is possible because J is
constant along F( M) and J has real entries. J is orthogonal with respect to the
Euclidean inner product because it was defined by means of an orthonormal
frame. Note that J preserves E (it multiplies sections of it by i), that is, J
preserves F, (T,M) at all points F(p) in F(M). But this is precisely the
definition for M to be a complex submanifold of R?” with respect to the
complex structure J. (The complex structure J on TM is, of course, defined by
demanding that F be holomorphic with respect to J and J, that is, J is defined
byJ = F;' o J o F,.) The proof of Theorem A is complete.

Remark. The above proof also works for immersions F: M?™ — T2,
where T?" = R?"/Z*" is the flat 2n-real dimensional torus. (This is because
the tangent bundle of 72", like that of R?", admits a global parallel orthonor-
mal frame.) Therefore Theorem A is valid for such immersions too.

We now restrict our attention to m = 1 and n = 2, that is, to immersions F:
M? > R* of an oriented surface M into Euclidean 4-space, and discuss the
relation of Theorem A in this special case to the stability inequality (2.2). Let
{ey, e,, €3, €,} be a local oriented orthonormal frame for R* over an open set
of F(M) such that {e,, e,} and {e5, e,} are local oriented orthonormal frames
for the tangent and normal bundles of M respectively. In this case, therefore,
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TM and NM can each be given a complex structure, namely, rotation by 90° in
an anticlockwise direction. Let E = (ToM )" and V = (N.M)'°, where type
(1,0) is meant with respect to the complex structure just mentioned. The fibres
of E are then locally spanned by (e, — ie,) and those of V by (ey —ie,). E
and V satisfy conditions (i) and (ii) required in the hypotheses of Theorem A.
Moreover,

d(e, — iey) = iw, ® (e, — iey) +[d(el - iez)]N
and
d(e; — iey) = itryy ® (e5 — iey) +[d(e; — 564)]T,

where w;, and w;, are the connection one-forms for TM and NM respectively.
Therefore assumption (iii) of Theorem A is satisfied if and only if

() [d(e; — iey)] - (e, — ie;) =0.

Let z be a local complex coordinate on M. Then F, = p(e, — ie,), where pis a
locally defined nonvanishing complex valued function. Thus we see that (xx) is
satisfied if and only if

(%) d(e; —iey) - F,=0 and 3(ey—ie,)  F, =0,
where we have used d(e; — iey) = 0(e; — ie,) + 3(e; — iey). But

8(e, —iey)  F,=[0:(e; — iey) - F] dz
= —[(e; —iey) - Fz] dz
=[8,(e; —ie,) - E] dz.

Therefore (»+*) is equivalent to 0,(e; — ie,) - F, =0 and 9,(e; — iey) - F; =0,
that is, to [d(e; — ie,)]” =0. But if s is a section of V, that is, locally
s = g(e; — iey), then (3s)” = g[d(e; — ie,)])”. This implies that, for an immer-
sion of an oriented two-real dimensional surface M into R* to be holomorphic,
all that has to be true is that on the neighbourhood of any point in M, there
exists a local nonzero section s of ¥ with the property that (3s)” = 0. But (3s)”
is precisely the term on the left in the stability inequality (2.2). This is why
there is some hope of being able to use the complex version of the stability
inequality derived in §2 to solve the problem addressed in this paper.

Remark. A. N. Wang in [28] has already noticed that if (3s)” = 0 for all
sections s of ¥, then F: M? — R* is holomorphic with respect to some
orthogonal complex structure on R*. He states the condition that (9s)7 = 0 in
terms of the second fundamental form. '
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4. Construction of meromorphic sections of the normal bundle
of a minimal surface in R* by means of the Gauss map

For more details than will be given in this section we refer the reader to
Hoffman and Osserman [14], Lawson [18] and the author’s doctoral disserta-
tion [19].

Let G, , denote the Grassmannian of oriented k-planes in R". Let F:
MF¥ - R" be an immersion of a k-real dimensional oriented manifold into the
Euclidean space R*, 2 < k < n — 1. The generalized Gauss map G: M* - Gy,
is defined by G(p) = F,(T,M), where T, M is the oriented tangent space of M
at p and F,(T,M) is translated from F(p) to the origin of R".

We now focus on the special case k =2 and recall that G,, may be
identified with the quadric Q,_, C CP""' defined by w-w =3 (w,)* =0

where w = (wy,- - -,w,) is a homogeneous coordinate for a point in CP"~'. If z
is a local complex coordinate on M2, then F,( p) is a homogeneous coordinate
for G(p).

From now on, we further restrict our attention to » = 4 and recall that Q,
(and therefore G, ,) may be identified with S* X §2. Let P and Q be two fixed
vectors in C*such that P- P=P-Q=P-Q0=Q-Q=0and P-P=Q-
Q = 1. (This makes {P, P, Q, 0} an orthonormal basis for C*.) If F: M? - R*
is an immersion then

(4.1) F,=F,-P(P— w,0,P + 0,0 +w,0)
outside the zero set of F, - P, where
_E-0 E-Q
“TE P2 E P

z

The significance of w; and w, is that (w,( p), w,( p)) is the coordinate of G( p)
under stereographic projection of the two factors of $* X §? from o0, and oo,
respectively, where (o0,, 00,) is the point in S X §% (= Q, C CP?) with P as
a homogeneous coordinate. Thus '

(4.2) P — w0, P+ w,0 +w,Q

is a section of the holomorphic tangent bundle of M (outside the zero set of
F, - P) written in terms of the Gauss map of F. Indeed, this section is none
other than F,/(F, - P).

Let II be a given oriented two-plane in R* and let II’ be the two-plane
normal to II, with the orientation on I’ being chosen as follows: if {e, e,}
and {e;,e,} are bases for II and II' respectively such that e, N e, and
e, N\ e, N\ ey N\ e, determine the orientations on IT and R?, then the orientation
on II" is that determined by e; N e,. It turns out that, regarding II and II” as
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points of $% X §2, IT" is obtained from II by the antipodal map on the second
factor. This fact was observed by Chern and Spanier [10] and a different proof
was given by the author in [19]. Using this fact it is clear that, on replacing w,
in (42) by —1/w, and then multiplying throughout by w,, the resulting
expression will be a section of No M outside the zero set of F, - P. Indeed, if we
write

- 4 - E
’ (1410, P)*(1 + 0y P)"

then {e,, e,} is an oriented orthonormal frame for No M outside the zero set of
F, - P. This fact was also observed by Hoffman and Osserman in [15].

Let D denote covariant differentiation along M in the complexified normal
bundle. Then D(e; — ie,) = iw;, ® (e5 — iey), where wy, is the connection
one-form which defines D. The computation of w,, is easy:

Wig = _';"[D(% - ie4)] - (e5 + iey)

i ) .
(4.9) - 73 [d(e3 - 164)] - (ey + iey)
_ L’( @, de, — @ do,  w,de, — azdwz)
20 1+4]ef 1+ [e,f

We now restrict ourselves to considering only minimal immersions F:
M? - R* and under this assumption we look for complex valued normal
sections s for which D;s = 0. We recall that the minimality of F implies that F
is harmonic and therefore that «, and w, are meromorphic. Thus (4.4)
simplifies to :

_i|x 1+|"~’1|2 1“*'|"~’1|2
*) 72 (ak’g I+ l,f 1+|w2!2)'

We look for sections s of the form g(e; — ie,), where g is a smooth complex
valued function. D.s = 0 implies {3;g + igw,,(9;)}(e; — iey) = 0. Using (4.5)
it is easily seen that

(4.6) g=

1+, P}
1+ |w,? ’

where £ is any holomorphic function.

At this point we recall a proposition due to Koszul and Malgrange [17]: Let
V be a complex vector bundle over a Riemann surface M and suppose that V'
has a connection defined on it. Then ¥ can be made into a holomorphic vector
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bundle over M with § operator equal to the (0, 1) part of its connection, that is,
a section s of V is holomorphic if and only if D;s =0, where z is a local
complex coordinate on M and D is covariant differentiation in ¥ defined by
means of the connection on V.

Thus we see that what we have done two paragraphs above is to use the
Gauss map to construct sections of ¥V, the complex line subbundle of NoM
which was introduced in §3 after the proof of Theorem A and whose fibres are
spanned by e; — ie,, which are meromorphic with respect to the holomorphic
structure on V given by the above proposition of Koszul and Malgrange, in the
case when the immersion F: M? - R* is minimal. We may obtain meromor-
phic sections of ¥ (whose fibres are spanned by e, + ie, and which is equipped
with the holomorphic structure given by the proposition of Koszul and
Malgrange) by noticing that if s is a meromorphic section of V, then, §/|s is a
meromorphic section of ¥. This can be seen as follows: outside the zeros and
poles of s, D,s = fs for some complex valued function f. To compute f in terms
of s we note that 3,(s - §) = f(s - §) and therefore, f = 9,log|s *. Thus

_ ._i__ = a__1__+_1__}_:0.
Dz{mz) {ZISIZ sp? J°

The zeros and poles of s can be easily handled by the reader and we regard the
observation as proved. For future reference we record here the results of this
section:

4.7 5= L

2

is a meromorphic section of ¥ where (e; — ie,) is given by (4.3),

L+ |o P
L+ o,

1,2
) (e3 - ie4)

|s|2— 1+ |w
1+ |w,P’
S _L[Ltlef

(4.8) =

IsP 2

is a meromorphic section of ¥,

1,2
) (e3 + iey)

1+, P

_ g2
s

_1 +|‘°2|2
s

ISP
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5. The main results

Throughout this section M will denote an oriented surface (two-real dimen-
sional manifold) with a metric. The complex structure on M shall always be
that defined by the orientation and isothermal parameters for the metric. Thus,
if z is a local complex coordinate, z = x + iy, where (x, y) are oriented
isothermal parameters for the metric. We recall that a Riemann surface is said
to be parabolic if it does not admit positive nonconstant superharmonic
functions.

Theorem I.  Let F: M? - R* be an isometric stable minimal immersion of a
complete oriented parabolic surface into Euclidean 4-space. Then F is holomor-
phic with respect to some orthogonal complex structure on R®.

Before giving the proof of Theorem 1 we point out some corollaries and
make some remarks. In these comments we economize on words by referring to
an immersion which is holomorphic with respect to some orthogonal complex
structure on R* simply as being holomorphic.

Corollary 5.1. A complete stable minimal surface in R* which is an entire
graph is holomorphic.

Proof. A corollary to a theorem of Osserman [24, pp. 37-40] states that a
minimal surface in Euclidean space which is an entire graph is conformally
equivalent to the complex plane. In particular, it is parabolic and Corollary 5.1
is an immediate consequence of Theorem 1.

Remark. The assumption of stability cannot be dropped from Corollary
5.1. Osserman [24, pp. 40—42] has constructed examples of entire two-dimen-
sional minimal graphs in R* which are not holomorphic with respect to any
orthogonal complex structure on R*. These graphs are therefore unstable by
Corollary 5.1.

Corollary 5.2. A complete oriented stable minimal surface in R* which is of
finite total curvature is holomorphic.

Proof. A theorem of Chern and Osserman [9] states that a minimal surface
of finite total curvature in Euclidean space is conformally equivalent to a
compact Riemann surface with finitely many punctures. In particular, such
surfaces are parabolic and this corollary is again an immediate consequence of
Theorem 1.

Corollary 5.3. A complete stable oriented minimal surface in R* which has
quadratic area growth is holomorphic.

Proof. A complete surface of quadratic area growth is parabolic by a
theorem of Cheng and Yau [7].

We now prove some lemmas that will be needed for the proof of Theorem I.
We recall an observation made in the paragraph following the proof of
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Theorem A in §3: for an immersion F: M2 - R*, N-.M =V ® V. If v is any
vector in C*, let v'° and v%' denote the orthogonal projection of v onto ¥ and
V respectively. We let D denote covariant differentiation in NoM and z = x +
iy will be a local complex coordinate. Finally, if v = (v,,---,v,) and w =
(wy,- - -,w,) are two vectors in C”, then v - w = 2, vw;.

Lemma 5.1. For a minimal immersion F: M* - R*, (F,,)'° ® (dz)* is a
holomorphic quadratic differential with values in V and (F,)*' ® (dz)* is a
holomorphic quadratic differential with values in V. (Here, holomorphic is meant
with respect to the holomorphic structure given by the proposition of Koszul and
Malgrange mentioned in §4.)

Proof. Since D preserves V and 7, all we have to check is that D F,,)" = 0.
Keeping in mind that F, - F, = 0 by definition of isothermal parameters and
therefore that F, - F,, = 0 we compute:

(E.)Y=F,—(F,)"

1 1
=F — F -F)F.— F_ - F)F
zz IElz( zZz Z) Z |F;|2( zZZ Z) z
1
=F,———\(F, - F)F,.
zZ |F|2( zz Z)Z

Therefore

N
D(F,)" = {az-( Fo——=(E,- F)F)} =0
| F{°

by minimality. The proof of the lemma is complete.

Corollary 5.4. For a minimal immersion F: M? - R, each of |(F,,)'°| and
|( F,,)*!| either vanishes identically or only at isolated points.

Note that the statement of Corollary 5.4 is independent of the choice of the
local complex coordinate z.

Lemma 5.2. If F: M? - R* is an isometric minimal immersion and a € C* is
a fixed vector then

1

D0l =~ (£ a0) )
(5.1) 1 10
- |F.P ((F;z)l’o : a)(F;'z') .

Proof. Let {e;, e,} be a local oriented orthonormal frame for N-M and let
¢ = (e; — iey)/ V2. Then
(5.2) a'®=(a-&)e.
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Therefore
(53) D= {a- (8) Je+ (a- (—iwn(d)6)}e +(a- )in(@:)e

= {a . (BZ-E)T}E,
where De; = wy, ® e, and therefore De = iw;, ® e. We now make two ob-
servations which are proved immediately after they are stated:

(54 (1) = = 5 EE,

(5.4) (1) =~ 5 EDE,
F\ _(E)"

9 az(mlz) |EF

In the proof of (5.4) and (5.5) we will be using the Leibniz rule, the fact that ¢
is a normal section and therefore that ¢ - F, = ¢ - F; = 0 and also the minimal-
ity of F, that is, F,; = 0. We now compute

*tzz

1

(0:8)" = ——((8:) - E)F + == ((8:) - B)F,
[F] | F |
= (e EE.

The proof of (5.4") is identical to that of (5.4). We prove (5.5) by showing that
{(3,(E,/|E. )} = 0. This is done by establishing that

(az(lgznz) T (az(lgzlz)

both of which are easy and therefore left to the reader. Using (5.4) we may
rewrite (5.3) as

._F'Z_ZO’

From the above expression we compute D,D;a"® and on using (5.4") and (5.5)
we obtain

(£)"
| F, £
(5.1) is now established by writing (F,,)" = (F,,)"® + (F,,)*! and using ex-
pressions similar to (5.2) for (F,,)'?, (F,,)*! and (E;)'°. q.ed.

(5.6) D,Da"’=—|a- (£ E;)e.
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We now let s = fo in the stability inequality (2.2) where f is a smooth real
valued function with compact support and ¢ is a complex valued normal
section which need not have compact support. f has to be real valued because
of the following computation:

T 2
fo2|(azo) | dx ay <fM|];|2|o|2dxdy+fo]§_,_(Dza- o) dx dy
(5.7) + [ fi(5- Do) dxdy + [ f(D5- Do) dx dy.
M M

On rewriting ff; as 1/2( f?); and ff, as 1/2(f?), and integrating by parts the
second and third terms of the right-hand side of (5.7), we obtain

[ 12100) dxdy< [ 15 1of dxay
M M

(5.8) 4[ f*Re(5 - D, Do) dx dy.
M
By a computation identical to that used in proving (5.4) we may show that

2 2 2
|(30)"| =lo - E.['/IEI".
Let A = 2| F, . Then dA, the element of area on M, is locally given by A dx dy.
Moreover, since f is real,

21 2 2y _4,,.p2
4l =5 {1+ (£)) =5 A
Therefore (5.8) may be rewritten as:

szZ Iz

fZ
—— Re(6 - D,D,0) dA
M IFI4 fMlelZ( De)

(5.9)
2 2
<[ 1d[fo] aa.
M
We can now give the

Proof of Theorem 1. Fix a unit vector a € C* and let ¢ = a'? in (5.9). Then,
using (5.1), we obtain

2 2 2
(5.10) [ rraaa<( a1’ 1a" ) da < [ laf|" aa,
M M M
the last inequality being true because |a'?|<|a|= 1. In (5.10)

(5.11) 0=~ T Re((£)” ((B)' 2)a).
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A theorem of D. Fischer-Colbrie and R. Schoen [12, Theorem 1, p. 201] says
that, since (5.10) holds for all smooth functions f with compact support, then
there exists a smooth function # > 0 satisfying the equation

(5.12) Au+ qu=0.
Following Fischer-Colbrie and Schoen we let w = log u. Then w satisfies the
equation

(5.13) Aw = —q —|dwl".

Multiplying (5.13) by f2, where f is a smooth real valued function with
compact support and integrating over M we obtain

(5.14) 2fo(df- dw) dA =fo2qu +fo2|dw|2dA,

where we have integrated [, f’AwdA by parts. Using the inequality
2|f(df - dw)|< 6f%|aw} + |dff/0 for any 6 > 0 in (5.14) yields

_1_ 2 > 2 — 2 2
(5.15) 0fM|df| dA fo gdd + (1 0)fo |dw|” dA.

We now let a run over an orthonormal basis {a,, a,, a;, a,} of C* and we let
q; stand for the expression in (5.11) with a = a;. The solution of (5.12) with
q = g, is denoted by u; and w; = log u;. Summing up over j € {1,2,3,4} the
inequality (5.15) with ¢ = ¢, and w = w; we obtain

2 2
(5.16) SfMldf] dA >fo2(§%) dA + 1/2fo2(§ |aw| )dA
where we have set § = 1 /2. But from (5.11) we see that

Sq= — 5 Re{(E,)"" (E)") =0

J

because b - ¢ = 0 when b and c¢ are of the same type. Therefore (5.16) becomes

ll”l4

2 . 2,
(5.17) [ @ aa= [ fras,
where
(5.18) = 2 b *

Since (5.17) holds for all smooth functlons f of compact support, the theorem
of Fischer-Colbrie and Schoen gives us the existence of v > 0 with Av + rv = 0.
But since r = 0, v is superharmonic and therefore the parabolicity of M implies
that v is constant. It follows from the equation for v that r vanishes identically.
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From (5.18) we then deduce that w; is constant for each j and therefore so is u;.
From (5.12) with 4 = u; and q = q; we conclude that g; = 0 for each .

Now at an arbitrary point p of M, either (F,,)¥(p) = 0 or else we can let
a, = (E,)"(p)/|(E,,))"(p)| . In the latter case, ¢, = 0 implies, by (5.11), that
HENDY(p)I(F,)"(p)|=0. This last equality obviously still holds if
(E,,)(p) = 0. Therefore, from Corollary 5.4, we deduce that at least one of
(E,)"? or (F,,)*" vanishes identically. We now note that we can change the
notion of type (1,0) to that of type (0,1) simply by changing the complex
structure on NM to be rotation by 90° clockwise as opposed to counterclock-
wise. Therefore, without loss of generality, we may assume that (F,,)*'
vanishes identically. But then, if s is a local nonzero section of V (the
subbundle of type (1,0) of No M), we have, by the Leibniz rule and minimality
(see the proof of (5.4)), that

s E

3,s) = ——2F =0,

where the last equality follows from 0 = (F,))* =(F, - s)5/|sP. By the
discussion following the proof of Theorem A in §3, the hypotheses for
Theorem A are now all fulfilled and Theorem I is proved.

Professor R. Schoen has pointed out that the proof of Theorem I can be
modified slightly to prove

Theorem I'. Let F: M2 - T* be an isometric stable minimal immersion of a
compact oriented surface M without boundary into the flat torus T* = R*/Z*.
Then F is holomorphic with respect to some orthogonal complex structure on T*.

Outline of Proof. The constant vector field a on R* descends as a global
parallel vector field on 7% which we still denote by a. The normal bundle of M,
being oriented and two-real dimensional, still has a complex structure defined
on it, namely, rotation by 90°. Thus ¢! can be defined and formula (5.1) is
still valid as long as by F, we mean F,(9,) and by (F,,)" we mean B(3,, d,),
where B: T M ® ToM — N¢M is the second fundamental form of M (simi-
larly for F; and (F;;)V); F,, of course means Vr, @:(Fx(9,)), where v is
covariant differentiation in the tangent bundle of T* by means of the flat
Levi-Civita (Riemannian) connection. Inequality (5.10) is therefore still valid
for all smooth real valued functions f on M. This means that the lowest
eigenvalue A, of —A — ¢ on M is nonnegative. Therefore, if ¥ >0 is the
eigenfunction of —A — g corresponding to A, then Au + qu < 0. Setting
w = log u yields Aw < —gq — | dw [’ from which we may again derive (5.15) and
therefore (5.16) and (5.17). Taking f to be identically 1 in (5.17) yields r =0
and therefore g, =0 for each j € {1,2,3,4}. Therefore, as in the proof of
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Theorem I, we conclude that at least one of (F,)"? and (F,,)*! must vanish
identically. The remark and discussion following the proof of Theorem A
finish the proof of Theorem 1”.

Theorem II.  Let F: M? — R* be an isometric stable minimal immersion of a
complete oriented surface M into Euclidean 4-space. Suppose that one of the
projections of the Gauss map for F onto the factors of S* X S* omits an open set.
Then F is holomorphic with respect to some orthogonal complex structure on R*.

Remarks. (i) The Gauss map for a holomorphic immersion F: M — C? has
the property that one of its projections onto the factors of S X S? is constant
(see, for example, [14] or [19)).

(ii) There exist many examples (see, for instance, Hoffman, Osserman,
Schoen [16, §4]) of minimal immersions of the unit disk (in C) with a complete
metric into R* and whose Gauss map possesses the property stated in Theorem
IL. In these examples, the projection of the Gauss map which omits an open set
from the relevant factor of S? X S? is nonconstant and therefore Theorem II
and Remark (i) imply that all these examples are unstable.

(iii) If both projections of the Gauss map for a minimal immersion F:
M - R* omit an open set, then F(M) is a plane, even without the assumption
of stability on F. This was proved by Chern [8] and also by Osserman [23].

Proof of Theorem II. Throughout this proof we will be using the notation
in §4. Suppose that w, omits the open set Q. Then for any fixed w, € Q,
w,/(w, = w,) is bounded; here we are identifying S* with C U {co} via
stereographic projection. Thus M admits a bounded holomorphic function,
which, by Remark (i), may be assumed to be nonconstant. If M is planar, then,
from the classification theory of Riemann surfaces, we know that M admits a
nonconstant harmonic function with finite Dirichlet integral (see, for example,
[1, Theorem 7E, p. 208]). If M is not planar, then (by definition) there exists a
closed curve on M which does not separate M, which, in turn, implies the
existence of a nonzero real harmonic differential which is square integrable
(see, for example, {27, Theorem 8-1 and the preceding discussion on page 208]).
In either case, we obtain the existence of a nontrivial real harmonic differential
a on M which is square integrable. Therefore, 8 = « + i * a is a square
integrable holomorphic differential, where * is the Hodge operator. Define o
by

1

(5.19) 2

1+|w112)‘/2 B ey —ie
L+ ]wf (3F - P) (w; — ‘*’0)2

- B s
(3F - P)(w, — wp)”
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where (e; — ie,) and s are defined by (4.3) and (4.7) respectively. We recall
from (4.7) that 5 is a meromorphic section of V and therefore so is ¢ because
B/(dF - P)(w, — wy)? is a meromorphic function. We claim that ¢ is a square
integrable section of V. To verify this claim, we compute: by (4.7) and (4.1),

2 |BF 1 1+ o
lo| = 4
J0F - PP o) = wof* 1+ ]w,f

(5.20) 1 +|w1|2 2

2
<,
|‘°1_‘°0|2) ,BI

where C is a constant depending only on the lower bound for |w; — wg] -
Therefore o is square integrable because 8 is. The above calculation is, strictly
speaking, valid only when F, - P # 0, that is, when both w; and w, are finite.
However, by making the change of variables {; = 1/w, or {;, = 1 /w, or both,
it is a simple matter to check that the final inequality in (5.20) always holds.

We now let s = fo in the stability inequality (2.2) where o is given by (5.19)
and fis real valued and with compact support. Keeping in mind that 0 = Do
= (3;0)", (2.2) becomes the following inequality:

(5.21) 2fo2](80)T|2 sfMldf]Z lof”.

For any R > 0, let fz be a smooth function which is identically 1 on Bg( p), the
geodesic ball of radius R with centre at p in M, zero outside B,x(p) and
ldfg << C’/R everywhere on M, where C’ is a constant independent of R.
Letting f = f in (5.21) and letting R — cc we see that, since [,/|o < co, we
have to have (306)” =0. But o is a section of V with isolated zeros and
therefore, by Corollary 5.4 and the discussion following the proof of Theorem
A in §3, the hypotheses for Theorem A are now all satisfied. Theorem 11 is thus
proved under the assumption that w, omits an open set. If w, omits an open set
{ and w, € , then we let

= (8"

o= B S
(OF - P)(w, ~ wp)* ISE

where 5/|s[* is given by (4.7). We again have Do = 0 and that ¢ is square
integrable. Therefore, the same argument as above shows that (36)7 = 0. But ¢
is now a section of V. As in the proof of Theorem I, we switch the rdles of V'
and V simply by reversing the complex structure on NM. The proof of
Theorem II is therefore complete.

Remark. The above proof runs on lines similar to the proof of Theorem 2
in {12]. There, D. Fischer-Colbrie and R. Schoen use the existence of real
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harmonic square integrable differentials on the unit disk in C to show that
there do not exist positive solutions of the equation Au — aKu = 0 for a = 1,
where K is the Gauss curvature of a complete metric on the unit disk in C.

Theorem II'. Let F: M — R* be an isometric stable minimal immersion of a
complete simply connected oriented surface M. Suppose that one of the projections
of the Gauss map for F onto the factors of S*> X S? omits a set of positive
logarithmic capacity. Then F is holomorphic with respect to some orthogonal
complex structure on R*.

Proof of Theorem II'. From the proof of Theorem II, it is clear that all we
have to do is show the existence of a square integrable holomorphic section of
¥V (or V). Without loss of generality we assume that it is w, which omits a set §
of positive logarithmic capacity and also that cc € £. Then, by one of the
characterizations of sets of positive logarithmic capacity (see, for example, [24,
Lemma 8.6 on p. 70]), there exists a harmonic function 4 on ° = S2\ & such
that h(w,) = log(1 + |w, ) for all w, € Q°. Since w,: M — Q° is holomorphic,
h ° w, is harmonic on M. But M is simply connected and therefore 4 o w, =
Re ¢ for some holomorphic function ¢ on M. Moreover, M has a global
coordinate z defined on it (indeed M is conformally equivalent to the unit disk
in C because M is simply connected and w, is a holomorphic function on M
which omits more than 2 points of S2). Thus we may define the required
section o of ¥ by

s
o= .
e?(F, - P)

where s is given by (4.7). We compute
lz . 1 1+

(e#@Y|F, . pp 1 + 1w, f

< 1
|E - PP (1 4]0P )(1+ | F)

|o

2 2
—X—2|dx| s

where A = 2| F,* and x = Re z. Since we are identifying M with the unit disk,
Juldx P = 7 and therefore o is square integrable. The rest of the proof now
proceeds as that for Theorem II and we regard the proof of Theorem II” as
complete.

Remark. This proof is based on Osserman’s proof in [22] of the theorem
which says that the Gauss map of a complete nonplanar minimal surface in R®
cannot omit a set of positive logarithmic capacity.
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Theorem I1l. Let F: M — R* be an isometric stable minimal immersion of a
complete oriented surface M. If the Gauss map for F is at least 1/3 degenerate
(that is, there exists a nonzero fixed vector A € C* such that |A - A|= 1| AP
and A - F, = Q) then the image of F is a plane.

Proof. Throughout this proof we will be using the notation of the proof of
Theorem 1. We will be using the version of the stability inequality given by
(5.9) with 0 = 40 — A'%, We make the following claims which are proved
after the proof of Theorem 111 is completed:

Claim (i). s = A" is a nowhere vanishing holomorphic section of V.

Claim (ii). & - D,Dw =|s(log|s[);,. '

Claim (iii). |6 - F,,[? =|sP|E,*(—K) + Re(4 - A)|(F,,)"°[*, where K is the
Gauss curvature of M.

Claim (iv).

Jlogisf) = 1Eel_L (|A| - AT

|E, 25|’ 4lsf

Therefore, by Claims (ii) and (iii) and the fact that |0 } = 2{s, (5.9) becomes

flesl {( K)+ Re(Ale) |( ) lz 4 1 (IOglslz)z—z}

|F.1 | F,{

<[ larl'lsl’.
M

Since s vanishes nowhere (by Claim (i)) we can let f = g/|s| in the above
inequality and integrate by parts on the right to obtain

(5.22) [gU-K) +a) < [ |l

where

R E)TP L g oy 2sk

|s P |F, [} |F, [ Is||FR
But by Claim (iv),
2 2)s|, ED) B, 2 2 14-4F
log|s|”). - = - AlF =gl = L
(Logls|") ,, 5] EFISF |4]" —|s| asF
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Moreover, we can choose A so that Re(A - A) =|A4 - A|. Therefore

_ED)" Z{IA'AI Lap s Lp s 114 1241}
|EPls] 51

;ll(Fl“)lH;“ (1 - 6"“’2)2’

(5.23)

where we have used |4 - A|= 1| AP to obtain the last inequality. Since (5.22)
holds for all real valued functions g of compact support, the theorem of D.
Fischer-Colbrie and R. Schoen [12, Theorem 1, p. 201] gives the existence of
u > 0 satisfying Au + {(—K) + q}u = 0. The lift of u to the universal cover
of M satisfies the same equation as u. By (5.23), ¢ = 0 and therefore another
theorem of D. Fischer-Colbrie and R. Schoen [12, Theorem 2, pp. 203-205]
shows that the unit disk in C cannot be the universal cover of M, which must
therefore be the complex plane. But then the lift of 4 would be a positive
superharmonic function on C because —K =0 for a minimal surface in
Euclidean space. Therefore # must be constant and it follows from the
equation for « that ¢ = 0 and X = 0. M must therefore be a plane.
Proof of Claim (i). A - F, = 0 and therefore by (5.3) and (5.4)

D.s = — (A-E)(é- E;)e=

’ IFI2

where ¢ = (e, — ie,)/ V2 as in Lemma 5.2, Thus s is holomorphic. Moreover,

(5.24) A= L (4-E)E+(4-8)e+ (4 o).
Therefore
(5.25) A-A=2A4-8)(4-¢).

Thus, 0 <3|AP <|4-A|=2|4-&||4-¢]. In particular, 4 - € never
vanishes, that is, s never vanishes.

Proof of Claim (ii). Since s is a holomorphic section of ¥, D,s = (9,1og|s [*)s
(see the proof that 5/| s is a holomorphic section of ¥V towards the end of §4).
Therefore,

D,Do = D,D(s — §) = —D,(d:log|s[")5 = — (log|sF).5,

6-D,Do=—(5—1s)" (log]sl2 .5 =s| (loglsll)h
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Proof of Claim (iii).
jo - B/ =|(s —5) - E,
(5.26) =|s- F," +|5- E,|' = 2Re(s - E,)(s - F;)

=I5 |(F.)"] = 2Re(A - &)(e E)(4 - E) (e ).
From the Gauss equation, it follows that [(F,,)" * =|F,[*(— K ). We also have
that A - F, = 0 and therefore that 4 - F,, = 0. But
1
|E

E,=(FE)"+ —(E. F)F,
and so, 4 - (F,,)Y =0, that is
(5.27) (4-8)(e-F,) + (4 - o) - E,) =0.
Claim (iii) is now proved by using (5.27), (5.25) and the Gauss equation in the
last line of (5.26).

Proof of Claim (iv). We first note that | s = 4 - s and therefore, (s ); = A4
- 9;5 = A - (9;5)7 because (9;5)Y = Dy;s = 0 (from Claim (i)). Using the com-
plex conjugate of (5.4’) in this expression for (|5 [*); we see that

2y 12 1 2, 2
(5:28) (). = —=14- B[ 5- E.I".
| £
From (5.24) and (5.25) we also have
2 1 2 2 |A- AP
5.29 Al = A-F| + +
(5.29) |4] IFZIZl il +ls] 2P

Claim (iv) now follows easily from (5.28) and (5.29). The proof of Theorem III
is complete.

Theorem IV. Let F: M2 — R" be an isometric stable minimal immersion of a
complete oriented surface M of finite total curvature and genus zero into
Euclidean n-space. Then F(M) lies in an even dimensional affine subspace of R"
and is holomorphic with respect to some orthogonal complex structure on this even
dimensional affine subspace.

Remark. Theorem IV is in some sense similar to the theorem of Calabi [5]
about minimal immersions from S? into §”, although the proof is quite
different.

Before proving Theorem IV we prove the following

Lemma 53. Let F: M - R" be an isometric stable minimal immersion of a
complete oriented parabolic surface M into Euclidean n-space. If o is a bounded
holomorphic section of No M (that is, |6 |< C for some constant C and D = 0)
then (36)T = 0.
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Proof. Letting s = fo in the stability inequality (2.2), with f a C* real
valued function of compact support, yields

(5.30) [ 7@ <3 [ il <5 [ laf

Since (5.30) holds for all C* real valued functions of compact support, the
theorem of D. Fischer-Colbrie and R. Schoen [12, Theorem 1, p. 201] asserts
the existence of u > 0 satisfying

Au+ %I(aa)qzu = 0.
But then u is a positive superharmonic function and therefore, since M is
parabolic, # must be constant. The equation for  then implies that (90)7 = 0.
g.e.d.

We now make some remarks about complete minimal surfaces of finite total
curvature in Euclidean space. By a theorem of Chern and Osserman [9], such
surfaces are conformally equivalent to a compact Riemann surface with finitely
many punctures. Moreover, the Gauss map extends to the compactified surface
as a holomorphic map.

We now recall that over G, , we have the tautological 2-plane bundle v, ,
whose fibre over a point 11 consists of the vectors in R” which lie in IT. We also
have the (» — 2) plane bundle yzf,, which is the orthogonal complement of v, ,,
in G, ,, X R". The tangent and normal bundles of a surface immersed in R” are
isomorphic (geometrically) to G*(v,,,) and G*(yzf,z) respectively, where G is
the Gauss map of the immersion. Thus, in the case of a complete minimal
surface M of finite total curvature in R”, the tangent and normal bundles of M
extend (with all their geometric structure) to some vector bundles on the
compactified surface M; these vector bundles are, of course, GA*(yz’n) and
G*(v4,,) respectively, where G is the extension of G to M. We let n = G*(v;-,)
and n. =1 ®gC.

We now give the

Proof of Theorem IV. We first recall that v - w is the scalar product of
v, w € C" which is complex linear in both arguments. However, whenever we
say that a vector v is orthogonal to a vector w, we mean that v is orthogonal to
w in the standard Hermitian inner product on C”; thus v is orthogonal to w if
andonlyifv - w =20,

Since the surface is assumed to be of genus zero, the compactified surface M
must be the two-sphere S?. Moreover, by the proposition of Koszul and
Malgrange mentioned in §4, 1 can be made into a holomorphic vector bundle.
Therefore, by a theorem of Grothendieck [13], (. splits as the direct sum of
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holomorphic line bundles L; @ --- ®L,_,. Let L,,- - -, L, be the positive line
bundles, L,,,,---,L, be the topologically trivial ones and L, ,,---,L,_, be
all negative. By the Riemann Roch theorem we know that each of
Ly L, L,sy+,L, admits a holomorphic section s, J € {l,---,r}. Sim-
ply by restricting the domain of 5; to M, we obtain r linearly independent
bounded holomorphic sections of NM. (Throughout this proof, linear in-
dependence of sections is meant over the continuous functions, not pointwise.)
We know that ¢,(n¢) = 0 because 1 is the complexification of a real vector
bundle (¢, denotes first Chern class). But ¢,(nc) = ¢ (L;) + -+ +¢)(L,—»)-
Therefore only the following two cases arise.

Case (). L,,-++,L,_, are all trivial. In this case Lemma 5.3 says that
(E)sj)T = 0forallj € {1,---,n — 2}. But the 5; may be chosen to have no zeros
and then s,,- - -,s,_, span N M. Therefore (3s)” = 0 for all sections s of No M.
Thus, for any section s of NoM, (ds)” = (3s)” +(85)” = 0. This means that
M is totally geodesic and therefore a plane. In particular, Theorem IV holds.

Case (ii). p > 1 and r < n — 2. From now on we adopt the following range
of indices:

p, r+tl<a<n-2,
r, ptl<sd<n-—2.
We note that s, - 5; = 0. The reason is that
az—(s“ . sj) = (Dz-s“) s+, (Dz-sj) =0.

Therefore s, - s; is constant (holomorphic functions on compact manifolds are
constant). But since L, is positive, s, must vanish somewhere and therefore
s, - §; =0 as claimed. ThlS means that the s, lie in the space orthogonal to the
span of {L,,-+-,L,} whichisn —2 —r dlmenswnal Thereforep<n—2 —r.
We also know that each of L, ,---,L, , admits a meromorphic section s,,,
a € {r + 1,---,n — 2}, which has only poles. Therefore s, - 5, is a meromor-
phic function which either vanishes identically or else has only poles. The latter
is impossible and therefore we conclude that the s, lie in the space orthogonal
to the span of {L—pﬂ,- --,L,_,} which is p-dimensional. Therefore n — 2 — r
< p and combining this with the previous reversed inequality we conclude that
p=n—2—r and that the space orthogonal to the span of {L,,---,L,} is
spanned by L, - - Ly

We now claim that (9,s; - s) dz is a holomorphic differential. To prove this
claim all we have to check is that 99,s; - s,) = 0. But

az-(azsj c 85 ) = 09,5, - 8 + 9,5, - Oz
= 0,(9;s; - 5, ) — 955, - 9,5, + 8,5, - 5.

< <
<j k<

o,
Js
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Since the s; are holomorphic, 9;s; has only a tangential component and, by
Lemma 5.3, azsj has only a normal component. Therefore, all three terms in the
last equality above are zero and our claim is proved. But by the Riemann-Roch
theorem, there are no nonzero holomorphic differentials on S2. Therefore
9,5, 5, =0 for all j, k. From the argument in the previous paragraph we
deduce that 9,s; lies in the span of {L,,---,L,}.

Let¢=1,0---O®L,®L,,;®--- OL, ® (T M)"°. (Recall that the fibres
of (TcM)'° are spanned by F,.) We claim that d: T'(¢) — I'(¢ ® T*M), that is,
d preserves £. The above discussion shows that ds; -5, =0 for all j, k.
Therefore, all that remains to be checked is that (dF,) + F, = 0 and (dF)) - s; =
0. The former is obvious and the latter follows from minimality, the Leibniz
rule and the fact that (3,s; )” = 0 (from Lemma 5.3). The claim is proved.

A consequence of this claim is that & o the fibre of £ over the point ¢ in M, is
a fixed subspace of C” (that is, & 4 8ives the same subspace of C” for all g in
M); here we are projecting the fibres of F*(7R") = M X C” onto C” in the
obvious way. To see this, let v be a vector in § 4, fOT some fixed g, in M. Let
v;(¢q) and v;" () be the orthogonal projections of v onto £, and the orthogonal
complement of £, respectively. Then 0 = dv = dov; + dv;-. But since d pre-
serves £, it also preserves the orthogonal complement of £. Therefore dv, = dv;-

= 0. But v; (q,) = 0 and therefore vf (g) =0 for all g. Since v was any
vector in & 00 V€ conclude, as desired, that & 7 is the same subspace of C” for all
g. Thus £ = M X A where A is a subspace of C” of dimension r + 1.

Now let T= A N A. Note that, since the space orthogonal to the span of
(L, " -,l_,,lis spanned by {L,,---,L,}, we have that span{A, A} = C". But
dimsp{A, A} =dim A +dim A —dim 7 and so, n = 2r + 2 — ¢, where t =
dim 7. Thus t = r — p (since p + r = n — 2 from above).

If T is empty, 1 = 0, r = p and all we have to do to prove Theorem IV is to
apply Theorem A with E = (T¢M)'® and V=L, ® --- ®L,. If T is non-
empty, then since T is preserved by complex conjugation, 7 = W ®¢ C, where
W is a subspace of R" of real dimension ¢ equal to r — p. Now note that
(TcM)'® is not preserved by complex conjugation and so, M X W is a
subbundle of NM which is paraliel in F*(TR"). This means that F( M) lies in
an affine subspace of R” orthogonal to W; the dimension of this affine
subspaceis n — ¢t = 2p + 2. It also means that NoM splits as the Whitney sum
NcM=MXT®(MXT)", where (M X T)* is the orthogonal comple-
ment of M X T in NcM; (M X T)* is the complexified normal bundle of M
when M is viewed as a surface immersed in the affine subspace orthogonal to
W. Now let v be a vector in T. Since v € A, v = 2} _, a,s, + aF,. Therefore
v-5,=0 for all p€ {1, --,p}). Similarly, since v €A, v-5,=0 for all
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p € {1,---,p). Thus T is orthogonal to the fibres of L, ® L,®L,
® ---@Lp over any point g in M, thatis, L, ® --- ®L, OL ®- EBLPC
(M X T)*. But the linear independence of {s,-:-,s } and the fact that

5,5, =0forall p,» € {1,---,p} imply that s,,---,s,, §;," - -,5, are linearly

independent. Moreover, dim(M X T)* = 2 p and therefore
L,® - ®L,®L ® - ®L =(MXT)"

Theorem IV is now proved by applying Theorem A with E = (T-M)'® and
V=L &--- 0L,
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